Starting from the Bogoliubov diagonalization for the Hamiltonian of a weakly interacting Bose gas under the presence of a Bose-Enstein Condensate (BEC), we derive the kinetic equation for the Bogoliubov excitations. Without dropping any of the commutators, we find three collisional processes. One of them describes the 1 ↔ 2 interactions between the condensate and the excited atoms. The other two describe the 2 ↔ 2 and 1 ↔ 3 interactions between the excited atoms themselves.
Introduction
In the kinetic theory of classical gases, Boltzmann equation is the fundamental equation. The Boltzmann-Nordheim equation is the quantum version of the classical Boltzmann one, to describe the evolution of dilute gases of for bosons and fermions (cf. [10, 14] ). Several years after the invention of the Boltzmann-Nordheim equation, there was a renewal in the kinetic theory of bosons, started by the work of Kirkpatrick and Dorfman [8, 9] . In this work, the authors derived a mean field kinetic equation for a dilute condensed Bose gas that describes the relaxation in terms of "collisions" between excitations. The work of Kirkpatrick and Dorfman was then extended by Zaremba, Nikuni and Griffin [16] , where they introduced the full coupling system of a quantum Boltzmann equation for the density function of the normal fluid/thermal cloud and a Gross-Pitaevskii equation for the wavefunction of the BEC. Independently, the same model was also derived by Pomeau, Brachet, Métens and Rica in [15] , using the quantum BBGKY hierarchy argument. In a series of papers [3, 4, 7] , Gardiner, Zoller and collaborators introduce a different model, which, at the limits, becomes the model of Zaremba et al. and Pomeau et al. We prefer to [5, 12] for further discussions on the topic. In all of these kinetic equations, there are two types of collisional processes:
• The C 12 collision operator describes the 1 ↔ 2 interactions between the condensate and the excited atoms. • The C 22 collision operator describes the 2 ↔ 2 interactions between the excited atoms themselves.
In [6] , Reichl and Gust proposed the third, previously missing, collisional process, which takes into account 1↔3 type collisions between the excitations, in addition to the 1↔2 and 2↔2 type collisions already known to occur. They called it the collision operator C 31 . However, the derivation of the new collision operator C 31 is very complicated, since the process generates around 40000 individual terms and one will need to do a combinatorics problem for all of them. As a result, a concise mathematical justification for the existence of the missing collision operator C 31 remains to be a challenging open problem over the last few years.
The aim of our work is to verify the validity of the collision operators C 12 , C 22 , C 31 by a fairly simple framework. To this end, we start with the Bogoliubov diagonalization process for the Hamiltonian of a weakly interacting Bose gas under the presence of a BEC, then focus on the derivation of the kinetic equation for the Bogoliubov excitations. In this process, we compute all of the commutators of the Bogoliubov excitations and do not drop any of them. We discover special mathematical structures of the commutators that allow us to reduce significantly the number of terms and the amount of computations. Especially, the computations of C 31 reduce from 40000 to only around 30 terms. Therefore, the combinatorics problem can simply be done and checked by hand.
Moreover, our framework provides a unified point of view for the different models, as it gives a simple explanation for the origins of the different collision operators based on the Bogoliubov diagonalisation. To see this, we note that after the Bogoliubov transformation, the nonlinearityâ †â †ââ of the Hamiltonian of the quantum system contains several types of nonlinearities including the following 3 special ones: (i)b †b †b andb †bb ; (ii)b †b †bb ; (iii)b †b †b †b andb †bbb ; whereâ † ,â are bosonic creation and annihilation operators andb † ,b are their Bogoliubov transformations. The 3 types of collision operators then appear naturally as combinations of commutators of each type as follows. and [b †bbb , [b †b ,b †b †b †b ]]. The above argument provides a concise mathematical confirmation of the existence of C 31 . For the experimental confirmations of C 31 , we refer the readers to [12, 13] .
The quantum system and the Bogoliubov transformation
To begin our quantum description, since we are dealing with an interacting many body quantum system, in which, dealing with the wavefunction for each individual particle becomes cumbersome, we introduce the boson field operatorΨ(x), and its conjugatê Ψ † (x). These operators satisfy the the commutation relation
The Hamiltonian of the system is now written
where T d L is the d-dimensional periodic torus − L 2 , L 2 d ; is the Planck constant; m is the mass of the particle; U is a externally applied potential; V(x, x ′ ) is the interaction potential between two particles at locations x, x ′ . To simplify our settings, we will not discuss particles in an external trapping potential, and set U = 0. We also take V(x, x ′ ) = gδ(x − x ′ ), where g is the interacting constant. Inserting these two forms for the external and interaction potentials into (2), we find
Writing the wave function Ψ in terms annihilation and creation operators, we obtain
where Z d L = (Z/L) d . For the sake of simplicity, we employ the shorthand notations
The annihilation and creation operatorsâ p andâ † p then satisfy the commutation relations
The Hamiltonian of the above system is then
in which ω p = p 2 2m and the function δ(p + p 1 − p 2 − p 3 ) means that we sum over p 1 , p 2 , p 3 ∈ Z d L such that p + p 1 = p 2 + p 3 . We set = 1, for the sake of simplicity. The Bose-Einstein condensation occurs when a large number of cold bosons enter the same quantum state having zero momentum. According to the Bogoliubov theory [2] , since the lowest energy state is occupied by macroscopic number of particles in the condensate, one can neglect the quantum fluctuation of this state and replace its annihilation operator with a c-number √ N , with N being the number of condensate atomsâ
We now splitâ 0 andâ p (p = 0) and decompose the HamiltonianĤ aŝ
witĥ
Defining the density n = N V , we then find
which can be diagonalized using the Bogoliubov transformation
with
where ω p is the Bogoliubov dispersion relation
After being diagonalized, H 1 takes the form
3. New forms ofĤ 2 andĤ 3
We finally do the change of variables
Putting together all of the identities in (20)-(25) yields the new form ofĤ 2
wherê
Similarly as forĤ 2 , we compute
as well as
We finally perform the change of variales
Combining (28)-(31), we find a new form for H 3
We also define
The quantum Liouville equation and assumptions
The full state of the system is described by the full density matrixρ(t) which obeys the quantum Liouville equation
In order to derive the quantum kinetic equation, there are two key points:
• First, due to the uncertainty principle, we cannot specify exactly the number of particles at positions and momenta. We can only describe the number distribution of particles in a quantum state. As a consequence, the average number of quantum particles in quantum states with wave vectors can be considered to be analogous of the average number of classical particle with momenta. • Second, in order to derive the quantum Boltzmann equation, we impose the Bogoliubov assumption that for a system that is out of equilibrium, the relaxation to equilibrium can occur in many different stages in which the stages' timescales are totally different from one stage to another. During the relaxation process, in each successive stage, the set of relevant parameters (expectation values and mean fields) used to describe the evolution is reduced. The Bogoliubov assumption is very similar to the molecular chaos assumption which implies that the system can be described by a reduced number of parameters, for example, the single particle phase space distribution function. Employing the standard elimination process (cf. [1, 11] ) we get the following spatial homogeneous equation for the single particle phase space distribution function f
whereH has exactly the same form with H(s), except that all the operatorb,b † are replaced by e isω/ b and e −isω/ b † . And following [1, 11] 
with Ω = log Tr exp − p ξ pb † p b p . We set E 0 = 0 and H ′ 2,2 = 0 and approximate the right hand side of (43) as
Remark 1. Notice that in [9] , the authors used an equivalent process, but only kept L 1,2 to get the 1 ↔ 2 collision operator for the low temperature regime, while we keep all of the 7 terms.
The forms of L 1,2 , L 3,0 , L 2,2 , L 3,1 , L 4,0 , L 1,1 , L 2,0 are computed as follows.
The form of L 1,2 . This quantity comes fromĤ 1,2
Adapting the procedure in (cf. [1, 9, 11] ), we write
where K 1,2 1 ′ ,2 ′ ,3 ′ has the same formulation with K 1,2 1,2,3 , in which p 1 , p 2 , p 3 are replaced by
and write
where K 3,0 1 ′ ,2 ′ ,3 ′ has the same formulation with K 3,0 1,2,3 , in which p 1 , p 2 , p 3 are replaced by p ′ 1 , p ′ 2 , p ′ 3 . The form of L 3,0 . This quantity comes fromĤ 3,0
Since ω(p) > 0 for p = 0, the equation ω(p 1 ) + ω(p 2 ) + ω(p 3 ) = 0 does not have any solution. The quantity L 3,0 is indeed 0.
The form of L 2,2 . This quantity comes fromĤ 2,2 Since ω(p) > 0 for p = 0, the equation ω(p 1 ) + ω(p 2 ) + ω(p 3 ) + ω(p 4 ) = 0 does not have any solution. The quantity L 4,0 is indeed 0.
The form of L 2,0 . This quantity comes fromĤ 2,0
where K 2,0 1 ′ ,2 ′ has the same formulation with K 2,0 1,2 , in which p 1 , p 2 are replaced by p ′ 1 , p ′ 2 . Since ω(p) > 0 for p = 0, the equation ω(p 1 ) + ω(−p 1 ) = 0 does not have any solution. The quantity L 2,0 is indeed 0.
The form of L 1,1 . This quantity comes fromĤ 1,1
where K 1,1 1 ′ ,2 ′ has the same formulation with K 1,1 1,2 , in which p 1 , p 2 are replaced by p ′ 1 , p ′ 2 . This quantity is also 0 due to the fact that
We finally obtain the spatial homogeneous equation
5. The C 12 collision operator, arising from commutators of the types
Let us first compute
We now perform the computation
To this end, we compute
Taking into account the fact that p 1 = p 2 + p 3 and p ′ 1 = p ′ 2 + p ′ 3 , it now follows straightforwardly from Wick's theorem that
which implies
In the above computation, for p ′ 1 = p 1 , there are two choices of p ′ 2 and p ′ 3 , p ′ 2 = p 2 , p ′ 3 = p 3 and p ′ 2 = p 3 , p ′ 3 = p 2 . A similar procedure also gives
Since in the above procedure, the nonlinearity f (p 2 )f (p 3 )(f (p 1 ) + 1) − f (p 1 )(f (p 2 ) + 1)(f (p 3 ) + 1) appears 4 times, we multiply the factor π g 2 n V by 4 and obtain the first collision operator
(62) 6. The C 22 (Boltzmann-Nordheim/Uehling-Ulenbeck) collision operator,
We then multiply the factor g 2 π 4V 2 by 4 and obtain the collision operator 
(i) 10 terms of the typeb †b †b †bbb .
(ii) 18 terms of the typeb †b †bb . (iii) 6 terms of the typeb †b †bb .
We provide below the detailed analysis for all of the 10 terms in the first category. The treatment of the other terms can be done in similar manners. By Wick's theorem applied to δ(p 1 − p ′ (R 3 \{0}) 3 dp 1 dp 2 dp 3 (δ(p − p 1 ) − δ(p − p 2 ) − δ(p − p 3 )) × δ(ω(p 1 ) − ω(p 2 ) − ω(p 3 ))(K 12 123 ) 2 δ(p 1 − p 2 − p 3 ) × f (p 2 )f (p 3 )(f (p 1 ) + 1) − f (p 1 )(f (p 2 ) + 1)(f (p 3 ) + 1) + 2g 2 (2π) 5 7 (R 3 \{0}) 4 dp 1 dp 2 dp 3 dp 4 (δ(p − p 1 ) + δ(p − p 2 ) − δ(p − p 3 ) − δ(p − p 4 )) × (K 22 1234 ) 2 δ(p 1 + p 2 − p 3 − p 4 )δ(ω(p 1 ) + ω(p 2 ) − ω(p 3 ) − ω(p 4 )) × f (p 3 )f (p 4 )(f (p 2 ) + 1)(f (p 1 ) + 1) − f (p 1 )f (p 2 )(f (p 3 ) + 1)(f (p 4 ) + 1) + 6g 2 (2π) 5 7 (R 3 \{0}) 4 dp 1 dp 2 dp 3 dp 4 (δ(p − p 1 ) − δ(p − p 2 ) − δ(p − p 3 ) − δ(p − p 4 ))
(80) Note that in the above integrals, f (t, p) is defined for p = 0 and the integrals on R 3 should exclude the origins, due to the fact that the condensate has been factored out in (9) .
